This paper reports the Feynman-parametric representation of the vacuum-polarization function consisting of 105 Feynman diagrams of the eighth order, and its contribution to the gauge-invariant set called Set I(i) of the tenth-order lepton anomalous magnetic moment. Numerical evaluation of this set is carried out using FORTRAN codes generated by an automatic code generation system gencodevpN developed specifically for this purpose. The contribution of diagrams containing electron loop to the electron g−2 is 0.017 47 (11) (α/π) 5 . The contribution of diagrams containing muon loop is 0.000 001 67 (3) (α/π) 5 . The contribution of tau-lepton loop is negligible at present.
I. INTRODUCTION
The anomalous magnetic moment g−2 of the electron has played the central role in testing the validity of quantum electrodynamics (QED) as well as the standard model. The latest measurement of a e ≡ (g−2)/2 by the Harvard group has reached the precision of 0.24 × 10 −9 [1, 2] : 
At present the best prediction of theory consists of QED corrections of up to the eighth order [3] [4] [5] , and hadronic corrections [6] [7] [8] [9] [10] [11] [12] and electro-weak corrections [13] [14] [15] 
With this α the theoretical prediction of a e becomes a e (theory) = 1 159 652 181.13 (0.11)(0.37)(0.77) × 10 −12 ,
where the first, second, and third uncertainties come from the calculated eighth-order QED term, the tenth-order estimate, and the fine structure constant (2), respectively. The theory 
proving that QED (standard model) is in good shape even at this very high precision.
An alternative test of QED is to compare the α of (2) with the value of α determined from the experiment and theory of g− 2 :
α −1 (a e 08) = 137.035 999 085 (12)(37) (33) 
where the first, second, and third uncertainties come from the eighth-order QED term, the tenth-order estimate, and the measurement of a e (HV08), respectively. Although the uncertainty of α −1 (a e 08) in (5) is a factor 2 smaller than α −1 (Rb10), it is not a firm factor since it depends on the estimate of the tenth-order term, which is only a crude guess [17] .
For a more stringent test of QED, it is obviously necessary to calculate the actual value of the tenth-order term. In anticipating of this challenge we launched a systematic program several years ago to evaluate the complete tenth-order term [18] [19] [20] .
The tenth-order QED contribution to the anomalous magnetic moment of the electron can be written as 
2 (m e /m µ ) + A
2 (m e /m τ ) + A
3 (m e /m µ , m e /m τ ) ,
where the electron-muon mass ratio m e /m µ = 4.836 331 71 (12) × 10 −3 and the electron-tau mass ratio m e /m τ = 2.875 64 (47)×10 −4 [17] . The contribution to the mass-independent The contribution to the mass-independent term A (10) 1 may be classified into six gauge-invariant sets, further divided into 32 gauge-invariant subsets depending on the nature of closed lepton loop subdiagrams. Thus far, 24 gauge-invariant subsets which consist of 2785 vertex diagrams, have been evaluated and published [18, [21] [22] [23] [24] . Throughout the paper the overall factor (α/π) 5 is omitted for simplicity.
In this paper we report the value of A ties. The evaluation of these integrals would be straightforward if the spectral function of the eighth-order vacuum-polarization were known. Unfortunately, it is not available at present.
Thus we follow an alternative approach of expressing the eighth-order vacuum-polarization function Π (8) (q 2 ) as a set of Feynman-parametric integrals and inserting them in the virtual photon line of the second-order anomalous magnetic moment M 2 [25] .
Construction of the Feynman-parametric integral of the vacuum-polarization function and removal of subdiagram ultraviolet(UV) divergences by K -operation [25] are described in Sec. II. This scheme is implemented by an automated code generation system gencodevpN developed specifically for this purpose. Incorporation of Π (8) in M 2 is carried out in Sec. III.
Since the K -operation subtracts only the UV-divergent part of the renormalization constant, additional removal of UV-finite parts of renormalization constants must be carried out to obtain the standard on-the-mass-shell renormalization. This is shown explicitly in Sec. IV. , are described in Sec. VI. The contribution of the Set I(i) diagrams to the muon g−2 is described in Sec. VII. Section VIII is devoted to the summary and discussion of this work. Especially, our result of the electron-loop contribution to the muon g−2 is compared to the prediction based on the renormalization group [26] and to the result obtained by the analytic-asymtotic expansion [27, 28] .
Appendix A describes the construction of Feynman-parametric integrals for M 2,P *
4
. Appendix B describes the on-shell renormalization scheme for the vacuum-polarization function.
Appendix C gives intermediate renormalization of individual diagrams by the K -operation.
Appendix D gives the divergence structure of quantities of sixth or lower orders.
II. PARAMETRIC INTEGRAL OF VACUUM-POLARIZATION FUNCTION
Diagrams that contribute to the eighth-order vacuum-polarization can be classified into five types according to their structures (See Fig. 1 ). Contributions from the diagrams of Types f, g and h, and j to the tenth-order lepton g −2 have been evaluated previously in
Refs. [3, 21, 22] , respectively. In this paper we focus our attention on the remaining Type i, a set of 105 proper eighth-order vacuum-polarization diagrams, which is the most complicated one of diagrams shown in Fig. 1 and evaluate its tenth-order contribution Set I(i) to g−2.
A. Diagram representation In order to deal with diagrams which contain closed lepton loops as well as open lepton paths, we have to generalize the rules for the diagrams without closed lepton loop described in Ref. [19] .
We begin by representing a diagram in terms of a sequence of symbols that characterize the photon lines by the following rules: 1) Assign indices to photon lines, e.g. by lower-case alphabets, 'a', 'b', . . . .
2) Identify a vertex by the index of photon line that is attached to the vertex. For example, the tenth-order diagram with two lepton loops shown in Fig. 2 (which belongs to Set I(g)) may be represented by a sequence, "ab(acbd)(cede)". This representation is not unique because there are several possible choices of assignment of photon line indices, cyclic permutations of vertices along lepton loops, and permutations of lepton loops and paths. To reduce the ambiguity we adopt the convention: the sequence for the open lepton path comes first, followed by the lexicographical sequences of closed lepton loops. The sequence within a loop is chosen also lexicographically, e.g. the sequence (dacb) is rotated into (acbd). The photon line indices are taken from 'a' in order of appearance in the sequence.
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For diagrams describing a vacuum-polarization loop, which is our main concern, we adopt an additional rule that the two photon lines external to the vacuum-polarization loop are labeled by 's' and 't', whose Lorentz indices are µ and ν, respectively. We also assume that the external momentum q flows in from the photon line 't' (ν) and leaves from the photon line 's' (µ). The sequence of lepton lines in the loop is chosen to start from the index 's'.
B. Algorithm to generate a proper lepton loop diagram
We now present an algorithm for generating proper lepton loops of 2n-th order. A diagram of this type has a single lepton loop that consists of 2n vertices, 2n lepton lines, two external photon lines, and (n − 1) internal photon lines attached to the lepton loop. All lepton lines are directed, and two external photon lines are distinguished.
The algorithm is as follows: 1) A vertex to which an external photon line labeled by 's' is attached is chosen as the first element of the sequence. Assign the index '0' to this vertex, and assign numeric indices to other vertices sequentially along the loop in a certain direction.
2) Another vertex is chosen to which the other external photon line labeled by 't' is attached.
There are (2n − 1) choices of vertices.
3) The remaining (2n − 2) vertices are made into (n − 1) pairs. Each pair corresponds to an internal photon line that connects the two vertices of that pair. There are (2n − 3)!! ways to construct (n − 1) pairs. Therefore, the total number of diagrams is (2n − 1) × (2n − 3)!!.
Taking into account the time-reversal symmetry of QED and the symmetry by the permutation of Lorentz indices of external photon lines, we identify the equivalent diagrams with respect to the reversal of sequences and exchange of symbols 's' and 't'. In this fashion we obtain a complete set of topologically distinct diagrams with an appropriate weight factor of the symmetry. In the case of the Set I(i) we have 39 distinct diagrams, which are shown in Fig. 3 .
C. Photon self-energy amplitude
The momentum representation of the 2nth-order vacuum-polarization diagram G has the form given by the Feynman-Dyson rule:
where m is the rest mass of loop leptons, p i is the momentum flowing on the lepton line i, and k j is the momentum flowing on the photon line j. These momenta are given as linear combinations of the loop momenta l 1 , . . . , l n , and the external momentum q.
As a convention, the flow of the external momentum q is chosen as shown in Fig. 4 , where each fraction q/2 flows on the upper-(lower-) semicircle that consists of lepton lines 1, . . . , i (i + 1, . . . , 2n), respectively. The function (7) is quadratically divergent, and we assume that the above expression is appropriately regularized by the Pauli-Villars regularization.
We adopt here an approach that exploits gauge invariance of the sum Π µν = G Π µν G which allows us to ignore the gauge-dependent part of (7). The gauge invariance ensures the identity
which holds for Pauli-Villars regularized function Π µν . Differentiating it with respect to q µ , we obtain
Since q µ is the external momentum, the order of q µ and the integration over the loop momenta can be interchanged, as far as the integral is properly regularized. Thus we can write p01   p02  p03  p04  p05   p06  p07  p08  p09  p10   p11  p12  p13  p14  p15   p16  p17  p18  p19  p20   p21  p22  p23  p24  p25   p26  p27  p28  p29  p30   p31  p32  p33  p34  p35   p36  p37  p38 Carrying out the differentiation with respect to q µ , we obtain
where the minus (plus) sign in (∓γ µ /2) is taken when the line j belongs to the upper (lower)
semicircle of the diagram.
The calculation can be simplified using the identity [25] (
where D µ i is defined by
We can now move the trace operation outside the k integration. With the help of Feynman parameters z i associated with the line i, the denominators can be combined into one, and then the momentum integration can be carried out analytically. Now we bring back Doperators inside the z integral and obtain
where
U is a homogeneous function of z's determined from the topology of the diagram and V is defined by
where the path P(µ, ν) is arbitrarily taken to run between two external photon lines. In the present case, we choose the convention that the path P runs on the upper half part of the loop of diagrams shown in Fig. 4 .
From Lorentz invariance and gauge invariance we have the general structure
The Lorentz scalar Π (2n) has only a logarithmic divergence so that the number of auxiliary masses in Pauli-Villars regularization can be reduced to one. The renormalization of subdiagram UV divergences are carried out independently of each other. Gauge-dependent terms cancel out when all diagrams of Set I(i) are combined. The charge renormalization can be achieved by
For the case n = 4, which is our concern, Π (2n) G (q 2 ) can be expressed in the form
when the D-operation is carried out (omitting the factor (α/π) 4 for simplicity). The coefficients D l , B l , C l , and E l are functions of building blocks, B ij and A j described in the following subsection. The suffix l labels the number of contractions of D-operators.
D. Building blocks
Building blocks, U and B ij , are homogeneous polynomials of degree n and n − 1 of the Feynman parameters z i , respectively. They are determined by the topological structure of the diagram called the chain diagram that is derived by amputating all external lines and disregarding distinction of the types of lines [25] .
The fundamental set of circuits of the chain diagram that consists of n independent self-nonintersecting closed loops are chosen in the following manner. One type of circuit is formed by an internal photon line and consecutive lepton lines that connect the endpoints of the photon line. The direction of the circuit is chosen to be that of the lepton lines. We may assign the direction of the photon line accordingly. There are n − 1 circuits of this sort.
The n-th circuit is chosen to be the closed lepton loop itself.
Then, for i and j that label the lines of chain diagram, U and B ij are given by
where s and t refer to the circuits. The loop matrix ξ k,c takes (1, −1, 0) according to whether the line i is (along, against, outside of) the circuit c.
Once U and B ij are obtained, another building block, the scalar current A j , is given by
E. UV divergence
The amplitude constructed thus far may have UV divergences when the sum of Feynman parameters of one or more internal loops tends to zero. We adopt subtractive renormalization here in a suitable way for numerical treatment. The subtraction terms are prepared as an integral over the same Feynman parameter space as the original unrenormalized amplitude so that the divergences of the amplitude are canceled pointwise. These subtraction terms are constructed by a simple algorithm called K -operation [25] for each occurrence of subdiagram UV divergences. The whole divergent structure of a diagram is recognized by Zimmermann's forest formula.
The subdiagrams relevant for the UV divergence are of self-energy type or vertex type.
For the proper lepton loops of the present concern, such a subdiagram is represented by an open segment of the lepton loop, which involves vertices and lepton lines in the segment, and photon lines whose endpoints are included in the segment. Therefore, we have to examine every segment of the lepton loop whenever it corresponds to a one-particle irreducible subdiagram of self-energy type or vertex type.
The inclusion relation of subdiagrams are found by examining the inclusion relation of the segments: they are independent or overlapping, or one segment is completely included in the other. Once the relation is known, the complete set of forests are constructed by finding all possible sets of subdiagrams whose elements are not overlapping with each other.
Each forest corresponds to a particular emergence of UV divergence, and it is related to a subtraction term in the subtractive renormalization. For a vertex subdiagram S of a diagram G, the subtraction term defined by the K -operation factorizes analytically by construction as
is the UV-divergent part of vertex renormalization constant for the subdiagram S, and Π G/S is the amplitude of the reduced diagram G/S. When a subdiagram S is of self-energy type, the subtraction term factorizes analytically as
where δm UV S is the UV-divergent part of mass renormalization constant δm S , and B
UV
S is the UV-divergent part of wave-function renormalization constant B S . When a forest consists of more than one subdiagram, the subtraction term becomes products of renormalization constants and reduced amplitudes.
The easiest way to insert the eighth-order vacuum-polarization loops in M 2 is by the formula [29, 30] 
where Π (8) is given by Eqs. (18) and (19) . It is straightforward to include this in the automated code generation system.
As a check of the integration codes, we have also derived the following formula from Eq. (19) applying the method described in Ref. [25] which yields
The UV divergent terms of M 2,P 8 can be isolated by the K -operation. See Appendix C for details.
IV. RESIDUAL RENORMALIZATION
The standard on-the-mass-shell renormalization of our vacuum-polarization function Π (8) is given explicitly in Appendix B. Actually, it is not suitable for evaluation of these terms on the computer, because individual terms of these functions are UV-divergent. Thus it is necessary to convert them into sums of UV-finite quantities. This is achieved by an intermediate renormalization procedure carried out by the K -operation shown in Appendix C. The K -operation subtracts only the UV-divergent parts of renormalization constants. In order to obtain the standard on-the-mass-shell renormalization, the remaining UV-finite terms must be removed by a procedure called residual renormalization. Collecting all terms thus created we obtain
Suppressing the superscript (l 1 l 2 ) for simplicity the residual renormalizaton terms are defined as follows:
where n F i = 1 for i = p01, p02, p03, n F i = 2 for i = p04, ..., p22, and
Numerical values of ∆LB 2 , ∆δm 6 , ∆δm 4 , M 2,P 2 * , δm 2 * , etc., are listed in Table II .
The coefficient −6 of M 2,∆P 6 in (27) can be readily understood noting that the vacuumpolarization function Π 6 has 6 fermion lines into which two-point vertex can be inserted.
This insertion is the source of the wave-function renormalization constant B 2 and the self-mass δm 2 term. Since ∆δm 2 = 0, however, only the ∆B 2 survives in (27) . For convenience let us call this an insertion of B 2 .
We find 14 different ways of insertion of two B 2 's in Π 4 . Ten comes from insertions of two disconnected second-order self-energy diagrams and four comes from insertions of the fourth-order self-energy diagram in which a second-order self-energy diagram is completely included in another second-order self-energy diagram. Three B 2 's can be inserted in Π 2 in 14 ways. Insertion of one B 4 and one B 2 in Π 2 can also be made in 14 different ways. All these three terms should be accompanied by terms proportional to ∆δm 2 which, however, vanish in our formulation based on the K -operation.
The factor −4 in −4∆LB 4 M 2,∆P 4 is due to the fact that Π 4 has 4 fermion lines into which Finally one B 6 can be inserted in Π 2 in two ways. The factor 2 in −2∆δm 6 M 2,P 2 * is the same as that of −2∆B 6 M 2,P 2 . The term 2∆δm 4 ∆δm 2 * M 2,P 2 * is related to the subdiagram of −2∆δm 6 M 2,P 2 * except for the factor −1. Application of K -operation on the second-order self-energy subdiagram of Π 4 * yields 6∆B 2 Π 2 * . Application of K -operation on the second-order self-energy subdiagram of δm 6 yields 6 ∆δm 4 ∆B 2 . Together they give
A similar argument can be given starting from vertex renormalization subdiagrams although it does not give information on ∆δm term. Consideration on vertex renormalization is not necessary, however, since a
always combined with B n to form an finite combination ∆LB n .
The reason the coefficients of residual renormalization terms can be determined by the argument described above is that the UV-finite parts are not affected by K -operation which deals only with UV-divergent parts so that the coefficients of residual renormalization terms inherit the structure of the standard renormalization unaltered. Once FORTRAN programs for mass-independent diagrams are obtained, it is straightforward to evaluate the contribution of mass-dependent term A
2 (m e /m µ ). We simply have 
The numerical data used to obtain (30) are listed in Tables III and II . The contribution A
2 (m e /m τ ) is two orders of magnitude smaller than (30) so that it is negligible at present.
VII. CONTRIBUTION TO THE MUON g−2
The codes described above can also be applied to calculate the contribution of the Set I(i)
to the muon g−2.
From Tables IV and II , we obtain a (10)
We have also evaluated the tau-lepton contribution. The values listed in Tables V and II lead to 
The contribution of Set I(i) diagrams to muon g − 2 was first discussed in Eq. (19) of
Ref. [26] in which the renormalization group was efficiently used to pick up the leading logarithmic contribution:
where a
is the constant term of the asymptotic expansion of the proper vacuumpolarization function Π (8) (q) of the eighth order, which was left undetermined. This constant can be determined from our numerical result Eq. (31):
Recently the asymptotic analytic form of a [1] 4 was obtained directly together with other eighth-order vacuum-polarization diagrams [28] . The explicit form of their a [1] 4 was given only in the slide of the conference talk [27] , which reads a [1] Substituting this value to Eq. (33), they obtained the asymptotic contribution of the Set I(i) 
Whether this is in agreement with our result (31) or not is somewhat subtle and will be discussed in the next section.
VIII. SUMMARY
In this paper we obtained the eighth-order vacuum-polarization function Π (8) (q 2 ) as a sum of Feynman-parametric integrals. It is then applied to the calculation of the tenth-order lepton g−2.
Collecting (29) and (30) we obtain the contribution of the gauge-invariant Set
From (29), (31) and (32) we obtain the contribution from Set I(i) to the muon g−2 a (10)
It is difficult to decide whether our result (31) and asymptotic result (36) are in agreement or not. In order to illuminate this problem it may be helpful to compare a µ of similar structure in lower orders.
For the 6th-order a µ obtained by inserting a proper 4th-order vacuum-polarization Π (4) in the second order M 2 gives [18, 36] 
where the overall factor (α/π) 3 is omitted for simplicity.
For the 8th-order a µ obtained by inserting a proper 6th-order vacuum-polarization Π (6) in the second order M 2 gives the coefficients of (α/π) 4 : 
where the numerical evaluation a
] is from [33, 37] , the Padé approximation a (8) µ [Pade] is from [31] , and the asymptotic result a (8) µ [asym.] is from [38] . Note that the asymptotic result of (40) contains the leading logarithmic and next-to-leading constant terms.
The difference between the numerical and asymptotic results come from the contribution of order m e /m µ . From the sixth-order (39), eighth-order (40) , and tenth-order cases we find
Note that the difference increases as the order of perturbation increases. Nevertheless, we cannot exclude the possibility that the difference between (31) and (36) is caused by some error. One possible cause is that the uncertainty of (31) is gross underestimate because of insufficient data sampling. The situation might be similar to the case of a
] in early calculations [31, 39, 40] where poor sampling of integrands was found to be the cause of large discrepancy with the Padé result. This problem was finally settled by going to a much larger sampling, which led to (40) .
In order to examine the possibility of gross underestimate of errors in (31) we evaluated the integrals with the sampling points per iteration N of 10 8 , 10 9 , and even with 10 10 .
The results show no sign of the central values drifting beyond the error bars estimated by VEGAS as N increases. We are therefore confident that our result (31) is free from the problem caused by insufficient samplings. 
From Lorentz invariance and gauge invariance, we have the general structure
Charge renormalization is achieved by
When the D-operation is carried out in Π 4 * , the result can be expressed in the form
where V 0 = z 1234 m 2 and D 0 , B 0 , D 1 , U, V and (dz) are diagram-specific.
This diagram has four fermion lines into which mass vertex can be inserted. They all
give the same contribution to M 2,P 4a * so that we have to evaluate only one of them such as Π 4a,1 * of Fig. 6(a) . For this diagram we find
where r is the ratio of the mass m of the loop lepton and the mass of the lepton of M 2 and
This diagram has a UV divergence from the subvertex {2,3,a,}, which can be isolated by the K 23 operation. Subtraction of this term yields a UV-finite value
and a finite contribution M 2,P 4a * to g − 2. By numerical integration we obtain the value −0.066 907 (7) for the (ee) case, and −0.443 935 (69) for the (me) case.
Diagram M 2,P 4b *
The diagrams Π 4b,1 * and Π 4b,3 * give identical contribution to M 2,P 4b * , whereas the diagrams Π 4b,2 * and Π 4b,4 * must be treated separately.
For the diagrams Π 4b,1 * (see Fig. 6(b) ) we find
This diagram has a UV-divergence from the self-energy subdiagram {2,a} which can be subtracted by the K 2 -operation
For the diagrams Π 4b,2 * (see Fig. 6 (c)) we find
This diagram has a UV-divergence from the subdiagram {2 * ,a} which can be subtracted by the K 2 * -operation
For the diagrams Π 4b,4 * (see Fig. 6(d) ) we find
As is for the diagram Π 4b,1 * this diagram has a UV-divergence from the self-energy subdiagram {2,a} which can be subtracted by the K 2 -operation. 
where the right-hand-side of the first line is listed in order of P 4b,1 * , P 4b,2 * , and P 4b,4 * .
The result for the (me) case is 
The sums M 2,∆P 4 * ≡ M 2,∆P 4a * + 2M 2,∆P 4b * for the (ee), (em), (me) and (mt) cases are listed in Table II . Quantities L n , B n , δm n denote vertex renormalization constant, wave function renormalization constant, mass renormalization constant of n-th order of the standard on-the-massshell renormalization, respectively. We must also deal with renormalization constants with mass insertion. For instance L 2 , which contains two electron lines, it is necessary to distinguish the lines into which two-point vertex insertion is made. Suppose we name them line 1 and line 2. Then L 2(1 * 1 * ) implies that two two-point vertices are inserted in the fermion line 1 of L 2 , while L 2(1 * 2 * ) means that one two-point vertex is inserted in line 1 while another is inserted in line 2. (Previously [25] we used the notations L 2 * * † and L 2 * † * for these quantities.)
Standard renormalization of fourth-order vacuum-polarization
2. Standard renormalization of sixth-order vacuum-polarization
3. Standard renormalization of eighth-order vacuum-polarization 
2. Sixth-order vacuum-polarization
3. Eighth-order vacuum-polarization
− δm n . These quantities may have IR divergences, which are subtracted by R-subtraction and I -subtraction. These operations create UV-and IR-finite quantities which are denoted as ∆L n , ∆B n , and ∆δm n . 
Second-order renormalization constants
where λ A = λ B = λ C = λ E = λ F = λ H = 1, and λ D = λ G = 2.
∆L 6 and ∆B 6 defined in Ref. [3] are related to ∆LB 6 through ∆LB 6 = ∆L 6 + ∆B 6 + ∆L 4 ∆B 2 + ∆δm 4 B 2 * [I].
